SMALL EIGENVALUES OF LARGE HANKEL MATRICES
HAROLD WIDOM! AND HERBERT WILF?

In this note we shall determine the asymptotic behavior as N—w
of the smallest eigenvalue of the Hankel matrix

Hy = (tmin) mn=20---,N.

It is assumed that the ¢, are the moments of a distribution function
a(x) on the finite interval [a, b],

b
Cn =f 2" da(x),
where w(x) =a'(x) satisfies

f” log w(x) 5> —

(x — a)¥2(p — x)1/2

We shall see that for the smallest eigenvalue Ay of Hy there is an
asymptotic formula of the form

Ay ~ pN1izg—2N

where p and ¢ are constants which will be explicitly determined. In
the case of the Hilbert matrix (c,=1/(m~+1)) a partial result was
obtained by Todd in [3]. (In certain exceptional cases the exponent
4 must be replaced by 1.) It will be found that ¢ depends only on the
interval [a, b].

It will be assumed throughout that ¢ +5=0. This entails no loss of
generality since the Hankel matrix corresponding to the distribution

function —a(—=x) on [—b, —a] has exactly the same eigenvalues as
Hy.

LEMMA 1. Let P.(x) (n=0, 1, - -) denote the orthogonal poly-
nomials associated with a(x). Then Hy' is similar to the matrix whose
m, n enlry is

1 2%
O = ——f Pn(e®®) Pa(e?)* do, mn=20-.-, N.
2r Jy

Proor. Write P,(x) = Y% ba.x*. Then
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b N
Om,n = f P, () Po(x) da(x) = > BmiCitibn.i

§,j=0

and so if Ky denotes the matrix

boo O 0 I ¢
bio b1n1 O

bgo b2 D22 0
bvo bva bnz - ¢ ¢ byw

we have I=KyHyKj. Thus Hy'=K5(KvK}(K})~L But the m, n
entry of KyK5 is

N 1 2%
> banyibas = Po(e®) Po(ei)* df,
=0 2r

which proves the lemma.

We shall be concerned now with the asymptotic behavior of am,»
as m, n— o, This will turn out to be simple enough to enable us to
deduce the asymptotic behavior of the largest eigenvalue of (¢m,n).

LEMMA 2. We have, uniformly for z bounded away from the interval
[a, 8],

Po(z) ~ (b — @)~ 2a 12 A (D),

2 b+a+ [( 2 b-l—a)z 1]”’
¢ b—a b—a b—a b—a
(the square root denoting that branch which is positive for large positive
2), A(¢) is analytic in |¢| > 1 and

1 b — b
log|A(pe-‘¢)| =—gf log[w( zacosl+ _:a>‘sint|:|

pt—1
. di
1 — 2p cos(p — &) + p?
ProoF. If a=—1, b=1 this is Theorem 12.1.2 of [2] if a(x) is
absolutely continuous and is Theorem 9.3 of [1] for general a. The

case of the interval [a, 5] may be reduced to this by a linear change
of variable since if g.(x) are the orthogonal polynomials associated

where
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with the distribution function
b—a b+ a
a( 3 x 4+ 3 )

P,.(x)=q,,< 2 x_b-l—a)

b—a b—a/

on [—1, 1] then

We omit the details.

In view of Lemma 2 we expect that the asymptotic behavior of
@m,» depends on the maximum of 1 g‘(z)‘ as z runs over the unit circle.
The next lemma will describe this maximum. It is convenient at this
point to distinguish three cases:

Case 1. a> —b/(1420).

Case 2. a= —b/(1+42b).

Case 3. a < —b/(1+2b).

LemMMA 3. The maximum value of g(6) = l ¢ (e"’)l s given by

b+a+2+[<b+a+2

2 1/2
) — 1] Cases 1 and 2,
b—a _

b—a

1 1/2 1 1/2
——+1 — 2 and 3.
(lalb+ ) +(‘a‘b> Cases 2 an

In Cases 1 and 2 the maximum occurs at 8 =7 (and only there mod 2m)
and in Case 3 at 0= 16, (and only there mod 2w) where

b4+ a
2ab

cos g =

Moreover in Case 1 we have g''(r) %0, in Case 2 we have g'’'(w) =0 but
g*(x) #0, and in Case 3 we have g’ (o) #0.

The proof of the lemma is completely elementary and need not be
reproduced here.

LEMMA 4. There is a constant A, depending only on the distribution
Sfunction a(x), such that for all m, n

l ‘ < {A (m 4 n+ 1)~2gmtn Cases 1 and 3,
am,n =
A(m 4+ n + 1)"Vigmtn  Case 2.

Proor. It follows from Lemma 2 that as long as the unit circle
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does not intersect the interval [a, b] we have
2r
| @mn| = const f g™t do
0

and the desired conclusions follow readily from Lemma 3 using stan-
dard techniques.

To show that the same estimates hold even if the unit circle does
intersect [a, b] let us assume that 1 belongs to the interval but —1
does not. (The case in which they both belong to the interval is more
complicated in only a trivial way.) We can write, for any ¢>0

e

[ % f_ :le(e"”)P,.(e"”)ldG + % f ’ | P(e?®) Polei®) | do.

Since the asymptotic formula of Lemma 2 holds uniformly for
€S0 <2m—¢, the last integral will satisfy the estimate in the state-
ment of the lemma. To estimate the first integral, denote by R, the
rectangle with vertices e*®, 1414 tan e. This rectangle contains the
arc of the unit circle given by | Ol < e. Since the polynomial P.(2) P,(2)
has only real zeros (Theorem 3.3.1 of [2]) its maximum absolute
value on R. is attained on the horizontal sides of R,. On these sides
we may apply the asymptotic formula of Lemma 2, and so
lim sup m;x | P(2) Pa(z) |1 mm) = g(e + O(e2)).

minosw .

Therefore we have as m+n— =
[ 1 Patenpaten | a0 = 0w

for any ¢ > g(e + 0(e?)). A little computation shows that g(2e¢)
> g(e+0(e?)) if e is small enough. Thus

f ‘ | Pu(e®®) Po(e?) | d8 = O(g(2)™).

But ¢>g(2¢), again for sufficiently small ¢ (recall that g(f) does not
attain its maximum ¢ at 8 =0), and so certainly

f | Pu(e®) Po(ei®) | d8 = of(m + m)~32gm+n),
This completes the proof of the lemma.

The next lemma gives the asymptotic behavior of gm,» as m, n— 0,
First some more notation. We write
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| AG(= 1)) [0
zllz,ralzl g’ (x) lm(b —a)
3UT@) | AG(— 1) |ralre

291472 | g(m) {146 — a)
22| A(e) |02
,n.alzl g"(60) IllZ(b —a)

where |A(§')] isgiven in Lemma 2 and 6, in Lemma 3. We shall write,
in Case 3,

Case 1,

Case 2,

Case 3,

sgn {(e%) = etto,
(In Cases 1 and 2, sgn {(—1)=—1.)
LEMMA 5. The following hold as m, n—  with m —n bounded:
O n ~ (= 1) (m + n)~H2gmtn Case 1,
mn ~ Y(— 1) n(m + n)~igmin Case 2,

Gman = v €08 (m — n)go(m + n)~Vigmin + o((m + n)~1/%™)  Case 3.

PROOF. Suppose the unit circle does not intersect [a, b]. (The case
in which it does can be handled just as in the proof of Lemma 4.)
Then by Lemma 2,

i i
e el LR ot e PTICNE

+ o(g(0)™+} do.

In Cases 1 and 2 the maximum of g(f) occurs at § == (and nowhere
else) and the result follows from Lemma 3 using standard techniques.
In Case 3 the maximum occurs at 46,. Since

Sy = ey, 1A®] = | 40)]
the conclusion in this case also follows easily from Lemma 3.
TrEOREM. If Ny 5 the smallest eigenvalue of Hy, then as N—>w,
Ay ~ 9 o? — 1)(2N)1/2g—20+D) Case 1,
A ~ v (o2 — 1)(2N) V42 +D) Case 2,

Ay~ 27_1[ 1 n ( 1 )112]—1(2N)112,—2(N+1)
g — 1 ot — 20% cos 2¢ + 1

Case 3.
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ProoF. We shall consider in detail only Case 3; the others are
easier. Let us write

Ay
b = cos (m — n)pgo™tn,

1) _
Cm,n = OGmgn — 7(2N) llzbm.n-
Fix Ny and e It follows from Lemma 5 that if m and # are sufficiently
large, but ]m—n] < Ny, we shall have

‘ mn — v COs(m — n)po(m + n)‘”%’”"{ < elm + n)~V2gmtn,
Therefore if both m and # exceed N— N, and N is sufficiently large
we shall have

I Gm,nl | Gmn — v COs(m — n)qbo(ZN)‘”’a""f"]

) < e(m + n)"Vgmtn 4 ygmin[(2N — 2N — (2N)12]
_S_ eN—Vzgmtn,

It follows from Lemma 4 that for all m, »
3) [ emm| £ As(m + n + 1)~ UZmin

where A; is a constant depending only on the distribution function

a(x). Denote by py the eigenvalue of largest absolute value of the

matrix (Cm,») (m, n=0, - - -, N). Then from (2) and (3) we obtain
N—Ng N g2(mtn)

N N
2 2 2
BN S D SN 3, o¥mW 424, 3 3T —
m,n=0 m,n=N—-N, me=0 n=0 M + n + 1
e20.4(N+1) 0.2(2N—No)

4
(o* — 1)IN t Aoy

A

where A, is another constant. If now N, is taken sufficiently large in
comparison to ¢, this will imply for sufficiently large N

260’2<N+1)

4) |#N'§_m'

Now Lemma 1 implies that A3 is the largest eigenvalue of (Gm,,)
(m, n=0, - - -, N). It follows therefore from (1) and (4) that if vy
is the largest eigenvalue of (bn,,) (m, n=0, - - -, N), we have

5) 2N 2D <y Zeg 10
(5) v(2N) VN—m=)\N < y(2N) VN-}‘m

for sufficiently large N. Since the eigenvectors of (bm,,) must be
linear combinations « cos ngeo™-+08 sin ngeo™ it is easy to see that
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vy is the largest eigenvalue of

[> l-

We find that as N>

N N
>~ cos? oo™ >~ sin ndy COS oo™
0 0

N N
Z sin #go CoS npgo?™ D, sin? nhoo?
Q 0

A= _}_[ 1 o2 cos 2Ny — cos 2(NV + 1)¢o] A0 4 0(1),
2 (o2 —1 o — 202 cos 2¢9 + 1

C= i[ 1 _ a2 cos 2N¢o -— CO0S 2(N + 1)¢o] SN + 0(1),
2Ler—1 ot — 202 cos? o + 1

1 o?sin 2N¢o — sin 2(V + 1)¢o
2 ot — 20%cos?dy+ 1

2™+ L O(1),

and from these there follows easily

1 1 1 /2 .
6 = — 2(N+1) 4+ O(1).
©) vw 2[«2—1+(a‘—2¢r’c052¢o+1) ]‘T + o)

The theorem follows from (6) and (5) if we observe that ¢ was arbi-
trarily small.
We regret to announce that in the case of the Hilbert matrix

1
(——__") m,n=01,---,N)
m—+n+1

our result takes the form

Ay ~ 20531273 — 48(2)12)- N3 4 22)U-W-4 (N — ).
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